Abstract. We study spectral stability estimates of elliptic operators in divergence form −div[A(w)∇g(w)] with the Dirichlet boundary condition in nonLipschitz domains Ω ⊂ C. The suggested method is based on connections of planar quasiconformal mappings with Sobolev spaces and its applications to the Poincaré inequalities.
Introduction
In this paper we give applications of quasiconformal mappings to spectral stability estimates of the Dirichlet eigenvalues of A-divergent form elliptic operators:
in non-Lipschitz domains Ω ⊂ C with A ∈ M 2×2 ( Ω). We denote, by M 2×2 ( Ω), the class of all 2 × 2 symmetric matrix functions A(w) = {a kl (w)}, detA = 1, with measurable entries satisfying the uniform ellipticity condition (1.2) 1 K |ξ| 2 ≤ A(w)ξ, ξ ≤ K|ξ| 2 a. e. in Ω,
for every ξ ∈ C, where 1 ≤ K < ∞. Such type elliptic operators in divergence form arise in various problems of mathematical physics (see, for example, [3] ).
In the general case quasiconformal mappings are Sobolev mappings and we will consider this eigenvalue problem in the weak formulation: It is known [23, 28] that in bounded domains Ω ⊂ C the Dirichlet spectrum of the divergence form elliptic operators −div[A(w)∇g(w)] is discrete and can be written in the form of a non-decreasing sequence
where each eigenvalue is repeated as many time as its multiplicity.
The suggested approach to the spectral stability is based on connection between A-divergent form elliptic operators and quasiconformal mappings. Let us consider a domain Ω e which is an interior of the ellipse Hence quasiconformal type composition operators allow study spectral problems of elliptic operators. In the present paper we obtain spectral stability estimates in the case of the Dirichlet eigenvalues of the divergence form elliptic operators in non-Lipschitz domains. The suggested method is based on connections between the quasiconformal mappings agreed with the matrix A [3, 22] and composition operators on Sobolev spaces [18] . The main results of the article concern to spectral stability estimates in domains that we call as A-quasiconformal β-regularity domains. Namely a simply connected domain Ω ⊂ C is called an A-quasiconformal β-regular domain about a simply connected domain Ω ⊂ C if
where J(w, ϕ) is a Jacobian of an A-quasiconformal mapping ϕ : Ω → Ω. Note that A-quasiconformal β-regular domains satisfy the quasihyperbolic boundary condition [24] and has finite geodesic diameter [20] . An important subclass of A-quasiconformal regular domains are Ahlfors domains [1] . The spectral stability estimates of the self-adjoint elliptic operators were intensively studied during the last decade. See, for example, [4, 6, 7, 8, 9, 25, 27] where the history of the problem and main results in this area can be found. In the previous works [10, 11] , using an approach which is based on the conformal theory of composition operators on Sobolev spaces were established the conformal spectral stability estimates of Dirichlet eigenvalues and Neumann eigenvalues of Laplacian in non-Lipschitz domains that include some fractal type domains like snowflakes.
The main result of the article states that if a domain Ω is A-quasiconformal β-regular about Ω, then for any n ∈ N the following spectral stability estimates hold:
: Ω → Ω, and
In case of quasiconformal diffeomorphisms ϕ : Ω → Ω for which |J(w, ϕ)| = 1 the operator (1.1) can be rewritten as
This means that the Dirichlet eigenvalues of the divergence form elliptic operator −div[A(w)∇g(w)] in a domain Ω are equal to the Dirichlet eigenvalues of the Laplace operator in a domain Ω. Note that such type operators are called " isospectral". Examples of so-called isospectral operators will be given in Section 6.
The method proposed to investigation the weak weight eigenvalue problem for the Dirichlet Laplacian is based on the Sobolev embedding theorems [15, 19] in connection with the composition operators on Sobolev spaces [30, 34] .
Sobolev spaces and A-quasiconformal mappings
Let E ⊂ C be a measurable set on the complex plane and h : E → R be a positive a.e. locally integrable function i.e. a weight. The weighted Lebesgue space
is the space of all locally integrable functions with the finite norm
The two-weighted Sobolev space W 1,p (Ω, h, 1), 1 ≤ p < ∞, is defined as the normed space of all locally integrable weakly differentiable functions f : Ω → R endowed with the following norm:
In the case h = 1 this weighted Sobolev space coincides with the classical Sobolev space
is the space of all locally integrable weakly differentiable functions f : Ω → R endowed with the following seminorm:
We also need a weighted seminormed Sobolev space L 1,2 (Ω, A) (associated with the matrix A), defined as the space of all locally integrable weakly differentiable functions f : Ω → R with the finite seminorm given by:
The corresponding Sobolev space W 1,2 (Ω, A) is defined as the normed space of all locally integrable weakly differentiable functions f : Ω → R endowed with the following norm:
Recall that a homeomorphism ϕ : Ω → Ω, Ω, Ω ⊂ C, is called a K-quasiconformal mapping if ϕ ∈ W 1,2 loc ( Ω) and there exists a constant 1 ≤ K < ∞ such that |Dϕ(w)| 2 ≤ K|J(w, ϕ)| for almost all w ∈ Ω.
Now we give a construction of A-quasiconformal mappings connected with the A-divergent form elliptic operators. The basic idea is that every positive quadratic form
defined in a planar domain Ω can be reduced, by means of a quasiconformal change of variables, to the canonical form
given that a 11 a 22 − a , 5] . Note that this fact can be extended to linear operators of the form div[A(w)∇g(w)], w = u + iv, for matrix function A ∈ M 2×2 ( Ω). Let ξ(w) = ℜ(ϕ(w)) be a real part of a quasiconformal mapping ϕ(w) = ξ(w) + iη(w), which satisfies to the Beltrami equation:
where
with the complex dilatation µ(w) is given by
Then the uniform ellipticity condition (1.2) can be written as
Conversely we can obtain from (2.2) (see, for example, [3] , p. 412) that :
So, given any A ∈ M 2×2 ( Ω), one produced, by (2.3), the complex dilatation µ(w), for which, in turn, the Beltrami equation (2.1) induces a quasiconformal homeomorphism ϕ : Ω → Ω as its solution, by the Riemann measurable mapping theorem (see, for example, [1] ). We will say that the matrix function A induces the corresponding A-quasiconformal homeomorphism ϕ or that A and ϕ are agreed.
So, by the given A-divergent form elliptic operator defined in a domain Ω ⊂ C we construct so-called a A-quasiconformal mapping ϕ : Ω → Ω with a quasiconformal coefficient
where µ defined by (2.2). Note that the inverse mapping to the A-quasiconformal mapping ϕ : Ω → Ω is the A −1 -quasiconformal mapping [18] . In [18] was given a connection between composition operators on Sobolev spaces and A-quasiconformal mappings.
Theorem 2.1. Let Ω, Ω be domains in C. Then a homeomorphism ϕ : Ω → Ω is an A-quasiconformal mapping if and only if ϕ induces, by the composition rule
This theorem generalizes the well known property of conformal mappings generate the isometry of uniform Sobolev spaces L ( Ω) (see, for example, [13] ) and refines (in the case n = 2) the functional characterization of quasiconformal mappings in the terms of isomorphisms of uniform Sobolev spaces [32] .
Weighted eigenvalue problems
In this section we estimate variation of Dirichlet eigenvalues of two weighted spectral problems defined in a domain Ω ⊂ R n . Let w 1 , w 2 be positive a.e. locally integrable functions (i.e. weights) defined in a domain Ω. We assume that weighted embedding operators
are compact (see, for example, [28] ). Then weighted eigenvalue problems
are solvable and eigenvalues can be characterized by the Min-Max Principle (see, for example, [23] ).
The following result in the case of hyperbolic (conformal) weights was proved in ( [10] , Lemma 3.1). In the present article we formulate this lemma in the case of general locally integrable weights.
Lemma 3.1. Let Ω ⊂ C be a bounded simply connected domain and let w 1 , w 2 be positive a.e. locally integrable functions defined in Ω. Suppose that there exists a constant B > 0 such that
Then for any n ∈ N
where M
(1)
Since the function F (t) = t/(1 + Bt) is non-decreasing on [0, ∞) and by (4.6)
it follows that
.
For similar reasons
Inequalities (3.4) and (3.5) imply inequality (3.2).
Further we estimate the constant B in Lemma 3.1 in terms of an L s -distance between weights.
Firstly we estimate the constant in the corresponding Poincaré-Sobolev inequality for a bounded domain Ω ⊂ R 2 .
Note that inequality (3.6) was proved in [17] in case of the unit disc.
Proof. We estimate the constant A 
The Talenti estimate can not be applied directly for p = n = 2. Choose some number p : 2r/(2 + r) < p < 2. By the Hölder inequality with exponents (2/(2 − p), 2/p) we have
Because any function f ∈ W 1,p 0 (Ω) can be extended by zero to f ∈ W 1,p 0 (R n ), it permit us to apply the Talenti estimate:
Taking into account the Hölder inequality with exponents (q/(q − r), q/r) we get
Since the last inequality holds for any p ∈ (2r/(2 + r), 2) and q = 2p/(2 − p) we obtain that
Lemma 3.3. Let w 1 , w 2 be positive a.e. locally integrable functions defined in Ω such that
Then inequality (3.1) holds with the constant w 2 ) . Proof. By the Hölder inequality and Poincaré-Sobolev inequality (3.6) we geẗ
By the two previous lemmas we have the following result for variations of the weighted eigenvalues: Theorem 3.4. Let w 1 , w 2 be positive a.e. locally integrable functions defined in Ω. Assume that d s (w 1 , w 2 ) < ∞ for some s > 1.
Now we estimate the quantity d s (w 1 , w 2 ) using the L 2 -norms of weights.
Lemma 3.5. Let w 1 , w 2 be a.e. positive in Ω weights such that w k ∈ L s 2−s , k = 1, 2, for some s ∈ (1, 2]. Then
Proof. By the definitions of w 1 , w 2 and d s (w 1 , w 2 )
Applying to the last integral the Hölder inequality with q = 2 s (1 ≤ q < 2 because 1 < s ≤ 2) and q ′ = 2 2−s we get
Now using the triangle inequality we obtain
Eigenvalue problems with quasihyperbolic weights
In this section we consider weak weighted eigenvalue problem
with the quasihyperbolic (quasiconformal) weight h = h(z) := |J(z, ϕ −1 )| generated by the A −1 -quasiconformal mapping ϕ −1 : Ω → Ω. Using Theorem 2.1 we prove the weighted Poincaré-Sobolev inequality in the bounded simply connected domain Ω ⊂ C for so-called quasihyperbolic weights which are Jacobians of mappings inverse to A-quasiconformal homeomorphisms and obtain solvability of the weighted eigenvalue problem (4.1). Denote by V * the exact constant in the Poincaré-Sobolev inequality
0 ( Ω, A). Theorem 4.1. Let A be a matrix satisfies the uniform ellipticity condition (1.2) and Ω, Ω ⊂ C be simply connected domains. Then the weighted embedding operator
is compact and for any function f ∈ W 1,2
holds.
Proof. Define the complex dilatation µ(z) agreed with the matrix A by
Because the matrix A satisfies the uniform ellipticity condition (1.2) then
and by [1] there exists a µ-quasiconformal mapping ϕ : Ω → Ω agreed with the matrix A i.e. an A-quasiconformal mapping.
Hence by Theorem 2.1 the composition operator
( Ω, A) and because the matrix A satisfies the uniform ellipticity condition (1.2) by the Sobolev embedding theorem we can conclude that g = f • ϕ ∈ W 1,2 0 ( Ω, A) [28] and the Poincaré-Sobolev inequality
holds with the exact constant
2 . Now using the "transfer" diagram [15, 19] and the change of variable formula for quasiconformal mappings [33] we obtain
Approximating an arbitrary function f ∈ W 
holds for any function f ∈ W 1,2 0 (Ω). Further we prove that the embedding operator (4.4) i
is compact. By the same "transfer" diagram [15, 19] this operator can be represented as a composition of three operators: the composition operator ϕ *
and the composition operator for Lebesgue spaces (ϕ
). Firstly we prove that the operator (ϕ −1 ) * l is an isometry. By the change of variables formula we obtain:
Secondly we prove that the composition operator
0 ( Ω, A). Thus, given the Poincaré-Sobolev inequality (4.3) and the isometry of the composition operator ϕ *
we have
* is the exact constant in the corresponding the Poincaré-Sobolev inequality (4.3). Therefore
Approximating an arbitrary function f ∈ W 1,2 0 (Ω) by functions in the space C ∞ 0 (Ω) and taking into account that quasiconformal mappings possess the Luzin N −1 -property (preimage of a set measure zero has measure zero) we obtain that the inequality
Hence the embedding operator i Ω is compact as a composition of the compact operator i Ω and bounded operators ϕ * w and (ϕ −1 ) * l .
According to Theorem 4.1 the weighted embedding operator is compact. By standard arguments we conclude that the spectrum of the weighted eigenvalue problem (4.1) with quasihyperbolic (quasiconformal) weights h is discrete and can be written in the form of a non-decreasing sequence
where each eigenvalue is repeated as many time as its multiplicity (see, for example, [26] ).
By Theorem 2.1 the eigenvalue problem (1.3)
is equivalent to the weighted eigenvalue problem (4.1)
in the domain Ω and
For weighted eigenvalues [26, 23] we have the following properties:
(Min-Max Principle), and
is an orthonormal set of eigenfunctions corresponding to the eigen-
(iii) If n = 1, then formula (4.6) reduces to
In other words
where V * is the sharp constant in the inequality
, ∀f ∈ W 1,2 0 (Ω).
On " norm " d s (h) for quasiconformal weights h(z)
Let Ω be a bounded simply connected domain in C and A ∈ M 2×2 ( Ω). Assume that there exists an A-quasiconformal mapping ϕ : Ω → Ω. Note that for quasiconformal mappings ϕ
In the case w 1 = 1 and w 2 = J ϕ −1 we define
As a consequence of Lemma 3.5 in the case of quasihyperbolic weights we have Corollary 5.1. Let ϕ : Ω → Ω be an A-quasiconformal homeomorphism and h(z) be the corresponding quasihyperbolic weight. Assume that J ϕ −1 ∈ L β (Ω) for some β > 1.
Then for s = 2β β+1
Now we prove the main result of this paper:
Theorem 5.2. Let A be a matrix satisfies the uniform ellipticity condition (1.2) and a domain Ω be A-quasiconformal β-regular about Ω. Then for any n ∈ N
(Ω)
where c n = max λ Proof. According to Theorem 3.4 we have
Given Corollary 5.1 we get the estimate of quality d s (1, h). For s = 2β β+1 we have
Finally, using equality (4.5) and taking into account that
, we obtain desired inequality
Theorem 5.2 can be precise for Ahlfors-type domains (i.e. quasidiscs). Recall that K-quasidiscs are images of the unit discs D under K-quasiconformal homeomorphisms of the plane C. The class of quasidiscs includes Lipschitz domains and some fractals domains (snowflakes). The Hausdorff dimension of the the quasidisc's boundary can be any number in [1, 2) .
Recall that for any planar K-quasiconformal homeomorphism ψ : Ω → Ω ′ the following sharp result is known:
Using the weak inverse Hölder inequality and the sharp estimates of the constants in doubling conditions for measures generated by Jacobians of quasiconformal mappings [16] , we have the following assertion. 
where c n = max λ 
where β * = min K K−1 , β , and β is the unique solution of the equation
The function ν(β) is a monotone increasing function. Hence for any β < β * the number (1 − ν(β)) > 0 and C β > 0.
Proof. Given that, for K ≥ 1, K-quasidiscs are A-quasiconformal β-regular domains if 1 < β < we have we obtain the required result.
Isospectral operators
Let us remind that two linear operators are called isospectral if they have the same spectrum. It is known that there are distinct domains such that all the eigenvalues of the linear operator (in the case of the Laplace operator, see, for instance, [12] ) coincide. For this reason, these are called isospectral domains.
Let ϕ : Ω → Ω be A-quasiconformal mappings for which |J(w, ϕ)| = 1 for almost all w ∈ Ω. In this case quasihyperbolic weights h(z) = |J(z, ϕ −1 )| = 1 for almost all z ∈ Ω. Hence, formula (4.6) is written as 
